it is equal to the Pontryagin class naturally associated to the pair (A, , ). For example, the Pontryagin class of (A Ω 1 X , , ) (where the symmetric pairing is given by the negative of the trace of the product of endomorphisms) is equal to −2 ch(Ω 1 X ). Hence, the class of EVA O X in H 2 (X; Ω 2 X − →Ω 3,cl ) is equal to 2 ch(Ω 1 X ). The paper is organized as follows. In Section 2 we recall the basic material on Courant algebroids. In Section 3 we study Courant extensions of transitive Lie algebroids and classification thereof. In Section 4 we recall the basic material on vertex algebroids and their relationship to Courant algebroids. We explain how the construction of [B] gives an example of a vertex extension (of the Atiyah algebra of the cotangent bundle) and use this example to classify exact vertex algebroids.
The fact that the Pontryagin class of a principal bundle (defined with respect to an invariant symmetric pairing on the Lie algebra of the structure group) is the obstruction to the existence of a Courant extension of the Atiyah algebra of the principal bundle was pointed out by P.Ševera in [S] together with the constructions of 3.5.
Courant algebroids

Courant algebroids.
A Courant O X -algebroid is an O X -module Q equipped with
(1) a structure of a Leibniz C-algebra 
a derivation ∂ : O X − →Q such that π • ∂ = 0 which satisfy [q 1 , f q 2 ] = f [q 1 , q 2 ] + π(q 1 )(f )q 2 (2.1.1) [q, q 1 ], q 2 + q 1 , [q, q 2 ] = π(q)( q 1 , q 2 ) (2.1.2) [q, ∂(f )] = ∂(π(q)(f )) (2.1.3) q, ∂(f ) = π(q)(f ) (2.1.4) [q 1 , q 2 ] + [q 2 , q 1 ] = ∂( q 1 , q 2 ) (2.1.5) for f ∈ O X and q, q 1 , q 2 ∈ Q.
2.1.1. A morphism of Courant O X -algebroids is an O X -linear map of Leibnitz algebras which commutes with the respective anchor maps and derivations and preserves the respective pairings.
2.2. The associated Lie algebroid. Suppose that Q is a Courant O X -algebroid. Let
Note that the symmetrization of the Leibniz bracket on Q takes values in Ω Q . For q ∈ Q, f, g ∈ O X
[q, f ∂(g)] = f [q, ∂(g)] + π(q)(f )∂(g) = f ∂(π(q)(g)) + π(q)(f )∂(g) which shows that [Q, Ω Q ] ⊆ Ω Q . Therefore, the Leibniz bracket on Q descends to the Lie bracket
Since π is O X -linear and π • ∂ = 0, π vanishes on Ω Q and factors through the map X − →Q . Since q, α = ι π(q) α, it follows that the map i is adjoint to the anchor map π. The surjectivity of the latter implies that i is injective. Since, in addition, π • i = 0 the sequence 0 − →Ω
is exact. Moreover, i is isotropic with respect to the symmetric pairing.
2.3.3. Definition. A connection on a transitive Courant O X -algebroid Q is a O X -linear isotropic section of the anchor map Q − →T X .
Definition.
A flat connection on a transitive Courant O X -algebroid Q is a O X -linear section of the anchor map which is morphism of Leibniz algebras.
2.3.5. Remark. As a consequence of (2.1.5) a flat connection is a connection.
2.4. Exact Courant algebroids. 
This operation extends uniquely to a Leibniz bracket [ , ] H on Ω 1 X ⊕ T X which, together with the symmetric pairing induced by the duality pairing, is a structure of an exact Courant algebroid. Let Q H denote this structure.
The obvious connection on Q H has curvature H.
2.4.10. Classification of Exact Courant algebroids. Suppose that Q is an exact Courant O Xalgebroid. The assignment ∇ → c(∇) gives rise to the morphism
X . The formula c(∇ + α) = c(∇) + dα means that c is a morphism of sheaves with an action of Ω 2 X , where α ∈ Ω 2 X acts on H ∈ Ω 3,cl
2.4.11. Lemma. The correspondence Q → (C(Q), c) establishes an equivalence of stacks in C-vector spaces in categories
In particular, the C-vector space of isomorphism classes of exact Courant algebroids is canonically isomorphic to H 1 (X; Ω 3.2.3. Suppose that A is a Courant extension of A. Let g = g(A) and g = g( A) for short. Since g, Ω 1 X = 0, the pairing on A induces the pairing , : g ⊗ O X A − →O X and the pairing , :
These yield, respectively, the maps g − →A ∨ and g − →g ∨ . Together with the projection g − →g and the map A ∨ − →g ∨ adjoint to the inclusion g − →A they fit into the diagram
3.3. Central extensions of Lie algebras. We maintain the notations introduced above, i.e. A is a transitive Lie O X -algebroid and g denotes g(A) so that there is an exact sequence
Hence, g is a Lie algebra in O X -modules. We assume that g is locally free of finite rank. Suppose in addition that g is equipped with a symmetric O X -bilinear pairing
which is invariant under the adjoint action of A, i.e., for a ∈ A and b, c ∈ g
holds.
3.3.1. From Lie to Leibniz. The map i : g − →A and the pairing on g give rise to the maps
The Lie algebra g acts on A (by the restriction of the adjoint action) by O X -linear endomorphsims and the map i : g − → A is a map of g-modules. Therefore, A ∨ and g ∨ are g-modules in a natural way and the map i ∨ is a morphism of such. Hence, g is a g-module in a natural way and the map pr is a morphism of g-modules.
As a consequence, g acquires the canonical structure of a Leibniz algebra with the Leibniz bracket [ a, b] of two sections a, b ∈ g given by the formula [ a, b] = pr( a)( b).
We define a symmetric O X -bilinear pairing
as the composition of pr ⊗ pr with the pairing on g.
Lemma. The Leibniz bracket, the symmetric pairing and the derivation defined above endow g with the structure of a Courant Ω 1 X -extension of g (in particular, a Courant O Xalgebroid with the trivial anchor map).
3.3.3. Lemma. The isomorphism of Corollary 3.2.5 is an isomorphism of Courant extensions of g(A).
Suppose that ∇ is a connection on
, where a ∈ g and ξ ∈ T X ; (2) the isomorphism
A simple calculation (which is left to the reader) shows that it is the extension of the Lie bracket on g by the Ω
(where ξ ∈ T X , a, b ∈ g, and the bracket is computed in A). In other words, c ∇ ( , ) is the composition
which corresponds to the identity map on g under the identifications φ ∇ and φ ∇+A .
3.4. The action of ECA O X . As before, A is a transitive Lie O X -algebroid locally free of finite rank over O X , g denotes g(A), , is an O X -bilinear symmetric A-invariant pairing on g, g is the Courant extension of g constructed in 3.3.1.
3.4.1. Let CEXT O X (A) , denote the stack of Courant extensions of A which induce the given pairing , on g. Clearly,
is canonically isomorphic to g.
Suppose that Q is an exact Courant O X algebroid and A is a Courant extension of
X . Thus, a section of A + Q is represented by a pair (a, q) with a ∈ A and q ∈ Q satisfying π(a) = π(q) ∈ T X . Two pairs as above are equivalent if their (componentwise) difference is of the form (α, −α) for some
These operations are easily seen to descend to A + Q. Note that the compositions
we denote their common value by
3.4.3. Lemma. The formulas (3.4.1) and the map (3.4.2) determine a structure of Courant extension of A on A + Q. Moreover, the map g(
Proof. Let Q denote the quotient of A (2) × A A (1) by the diagonally embedded copy of g. Then, Q is an extension of T by Ω 1 X . There is a unique structure of an exact Courant algebroid on Q such that A (2) = A (1) + Q.
3.5. Courant extensions of flat connections. Suppose that A is a transitive Lie O Xalgebroid, locally free over O X , g = g(A), , = , g is an A-invariant symmetric pairing on g.
3.5.1. Suppose that ∇ is a flat connection on A and Q is an exact Courant algebroid. For
taking values in g ⊕ Q, where [ , ] ∇ is the Leibniz bracket on Ω 1 X ⊕ g as in 3.3.4, ∇ g is the connection on g induced by ∇ and π is the anchor of Q.
3.5.2. Lemma. The formulas (3.5.1) and (3.5.2) define a structure of a Courant extension of A on g ⊕ Q.
3.5.3. Corollary. Suppose that A admits a flat connection locally on X. Then, CEXT O X (A) , is locally non-empty, hence a torsor under ECA O X . 3.5.4. Notation. We denote g ⊕ Q together with the Courant algebroid structure given by (3.5.1) and (3.5.2) by A ∇,Q .
3.5.5. Conversely, suppose that A is a Courant extension of A, and ∇ is a flat connection on A.
Let Q ∇, A ⊂ A denote the pre-image of ∇(T X ) under the projection A − →A.
3.5.6. Lemma. X defines an exact Courant algebroid Q H equipped with a connection, whose curvature is equal to H.
3.5.9. Lemma. In the notations introduced above, there is an isomorphism Q ∇+A, A
Proof. We identify A with g ⊕ T X using the flat connection ∇. In terms of this identification, the image of T under the connection ∇ + A consists of pairs (A(ξ), ξ), where ξ ∈ T X . Therefore, Q ∇+A, A ⊂ g ⊕ Q = A consists of pairs (A(ξ), q), where ξ ∈ T X and π(q) = ξ.
For i = 1, 2, ξ i ∈ T X , q i ∈ Q satisfying π(q i ) = ξ i we calculate the Leibniz bracket in A using (3.5.1) and (3.5.2):
The latter formula shows that the assignment (A(π(q)), q) → (q, π(q)) viewed as a morphism of extensions of T X by Ω
is, in fact a morphism of exact Courant algebroids
3.5.10. Proposition. For A as above, ∇ a flat connection on A the assignment Q → A ∇,Q gives rise to a morphism
Proof. This amounts to showing that, for i = 1, 2, Q i ∈ ECA O X , there is a canonical isomorphism A ∇,Q 1 +Q 2 ∼ = A ∇,Q 1 + Q 2 which possesses associativity properties. This follows from (3.5.1) and (3.5.2) and the definition of the ECA O X -action. We leave details to the reader.
Corollary. There is an isomorphism
3.6. The Pontryagin class. Suppose that A is a transitive Lie algebroid, locally free of finite rank over O X , g = g(A), and , is an A-invariant symmetric pairing on g. We assume from now on that A admits a flat connection locally on X.
3.6.1. Suppose that U = {U i } i∈I is a covering of X by open subsets such that A| U i admits a flat connection. Let ∇ i denote a flat connection on
X ) denote the corresponding cochain. 3.6.2. Lemma.
(1)∂B = dH = 0,∂H = dB, i.e. H + B is a 2-cocycle inČ 3.7.1. We begin by a brief outline of the cohomological classification of ECA O X -torsors.
Suppose that S is a torsor under ECA O X . Let U = {U i } i∈I be a covering of X by open subsets such that S(U i ) is non-empty for all i ∈ I. In this case there are isomorphisms
A choice of such gives rise to the objects
We may assume (by passing to a refinement of U), that the exact Courant algebroids Q ij admit connections. Let ∇ ij denote a connection on Q ij whose curvature we denote by
X ) denote the corresponding cochain. The connections ∇ ij give rise to connections on the exact Courant algebroids Q ijk . Hence there are 2-forms
It is clear that dH =∂B = 0 and∂H = dB, i.e. H +B is a 2-cocycle inČ
X ) is independent of the choices of the convering U and the connections ∇ ij . Moreover, the above construction establishes a bijection (in fact an isomorphism of C-vector spaces) between the isomorphism classes of torsors under ECA O X and H 2 (X; Ω 2 X − →Ω 3,cl X ). 3.7.2. Theorem. Suppose that A is a transitive Lie O X -algebroid, locally free of finite rank over O X which admits a flat connection locally on X, and , is an A-invariant symmetric pairing on g(A) The isomorphism class of the ECA O X -torsor CEXT O X (A) , corresponds to Π(A, , ). In particular, Courant extensions of A which induce , on g(A) exist globally on X if and only if Π(A, , ) = 0.
Proof. Let U = {U i } i∈I be a covering of X by open subsets such that A| U i admits a flat connection. Let ∇ i be a flat connection on A| U i . By Proposition 3.5.10, these give rise to trivializations of CEXT O X (A) , | U i . The procedure outlined in 3.7.1 applied to these yields the definition of Π(A, , ) given in 3.6.
3.8. The Pontryagin class Atiyah style. Throughout this section A is a transitive Lie O X -algebroid locally free of finite rank over O X , g denotes g(A), , is a symmetric O Xbilinear A-invariant pairing on g, g is the Courant extension of g as in 3.3.1.
3.8.1. The Atiyah class. The (isomorphism class of the) extension
is an element of Ext O X (T X , g), whose image under the canonical isomorphism Ext O X (T X , g)
) is called the Atiyah class of A and will be denoted α(A). Recall that a connection on A is a splitting of the extension (3.8.1). Let C(A) denote the sheaf of locally defined connections on A. As the difference of two connections is a map T X − → g, the sheaf C(A) is a torsor under Ω
The cup product together with the pairing , give rise to the map
. We will denote the image of a ⊗ b under this map by a ⌣ b .
. 3.9. Obstruction theoretic interpretation. Recall that there is an exact sequence 0 − →Ω 1 X − → g − →g − →0 . Spliced with (3.8.1) it gives rise to the extension
(3.9.1) whose isomorphism class is an element of Ext
. The extension (3.9.1) gives rise to the stack in groupoids L defined as follows. For an open set U ⊆ X, L(U) is the category of pairs ( C, φ), where C is a Ω
is the category of pairs ( A, ψ), where A is an extension of T X by g and ψ is a morphism of the push-out of A by the map g − →g to A (of extensions of T X by g).
As is well-known, the stack L is a gerbe with lien Ω
is, on the one hand, β, and, on the other hand, the image of α(A, , ) under the boundary map
3.9.1. Lemma. β = α(A) ⌣ α(A) .
3.9.2. Remark. Note that there is a natural morphism of stacks CEXT O X (A) , − →L (which maps a Courant extension to the underlying O X -module).
Vertex algebroids
4.1. Vertex algebroids. A vertex O X -algebroid is a sheaf of C-vector spaces V with a pairing
4.1.1. A morphism of vertex O X -algebroids is a C-linear map of sheaves which preserves all of the structures.
4.1.2. Remark. The notions "a vertex O X algebroid with the trivial anchor map" and "a Courant O X algebroid with the trivial anchor map" are equivalent.
4.2. The associated Lie algebroid. Suppose that V is a vertex O X -algebroid. Let
It is easy to see (cf. [B] ) that the action of O X on V descends to a structure of an O Xmodule on V and the Leibniz bracket on V descends to a Lie bracket on V. Moreover, there is an evident map V − →T X . A morphism of exact vertex algebroids induces a morphism of underlying extensions of T X by Ω 1 X . The latter is an isomorphism and it is clear that the inverse morphism of extensions is a morphism of vertex algebroids. Hence, EVA O X is a stack in groupoids.
4.4.1. It was shown in [B] that EVA O X is locally non-empty and has a canonical structure of a torsor under ECA O X . Isomorphism classes of ECA O X -torsors form a vector space naturally isomorphic to
The purpose of this section is the determination of the isomorphism class of EVA O X . The following theorem was originally proven in [GMS] by explicit calculations with representing cocycles. Our proof, "coordinate-free" and based on Theorem 3.7.2 and the strategy proposed in [BD] , appears in 4.9.6.
Theorem ([GMS]). The class of EVA
4.4.3. Remark. Suppose that P is a GL n -torsor on X. Let A P denote the Atiyah algebra of P . Then, g(A P ) = gl P n and the symmetric pairing on the latter given by the trace of the product of matrices is A P -invariant. The corresponding Pontriagin class is equal to 2 ch 2 (P ). 
Thus, a section of A + Q is represented by a pair (a, q) with a ∈ A and q ∈ Q satisfying π(a) = π(q) ∈ T X . Two pairs as above are equivalent if their (componentwise) difference is of the form (i(α), −i(α)) for some α ∈ Ω 1 X . For a ∈ A, q ∈ Q with π(a) = π(q), f ∈ O X let f * (a, q) = (f * a, f q), ∂(f ) = ∂ A (f ) + ∂ Q (f ) .
(4.7.1)
For a i ∈ A, q i ∈ Q with π(a i ) = π(q i ) let
[(a 1 , q 1 ), (a 2 , q 2 )] = ([a 1 , a 2 ], [q 1 , q 2 ]), (a 1 , q 1 ), (a 2 , q 2 ) = a 1 , a 2 + q 1 , q 2 (4.7.2)
These operations are easily seen to descend to A + Q. 
